Expressivity of Transformer architectures: recent developments,
existing limitations and realistic consequences
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‘You’ll Never Stop at One! I'll Take You all on!’
Optimus Prime (Transformers, 2009) describing the exponential-time problems.
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1 Introduction

Recent developments in the field of machine learning techniques have pushed the practical capabilities
of modern ‘AT’ models to previously unknown levels. Available Transformer architecture-based LLMs,
such as ChatGPT, have become omnipresent and hailed as candidates to achieve ‘Artificial General
Intelligence’ (OpenAl, 2023). Evolving from generating a coherent text, they are now expected to
‘reason’ i.e. use computation. In reality, these models can technically be unable to perform such tasks.
In this essay I analyse two recent papers ' Tighter Bounds on the Expressivity of Transformer Encoders’
(Chiang, Cholak et Pillay, 2023) and ‘The Expressive Power of Transformers with Chain of Thought’
(Merril et Sabharwa, 2024) that define their limitations through theoretical analysis, and interpret
their potential implications'. I first introduce the theoretical framework used in the essay and present
papers’ results which demonstrate formal limitations of the existing Transformer architectures. I then
link these results to existing trends in ‘Al’ and question the claims about future AGI systems.

2 Frameworks

Recently several empirical experiments (Bhattamishra et al., 2022, Delétang et al., 2023, Dziri et al.,
2023) have questioned the realistic capabilities of Transformers: a neural network model architecture
that replaces recurrence technique with attention (Vaswani et al., 2017), suggesting that lack of the
memory component substantially narrows down their problem-solving capabilities. Traditionally, com-
plexity of RNN architectures, such as LSTMs, have been evaluated through the Chomsky Language
Hierarchies (Chomsky, 1956), where establishing a lower and upper bounds for a given ‘algorithm’
assigns it to a corresponding complexity class, and determines which problems it is capable of solving
(Immerman 1981). However due to fundamental differences in their architecture (Hao et al. 2022)
this method is not a viable option for simple Transformers. There were two methods introduced to
evaluate complexity of Transformers: first order logic and circuit complexity, used by the following
papers.

3 Papers

Chiang et al. (2023) aim to characterise Transformers through a formal system and theoretically iden-
tify their feasible power and limitations. By introducing and defining a designated logic FOC[+;MOD],
the paper relates fixed and arbitrary-precision? transformer encoders with a first order logic with count-
ing quantifiers® (Chiang et al., 2023), allowing them to establish their upper and lower bounds. For
fixed-precision transformer encoders they find the upper bound to be at FOC[+;MOD] i.e. they can
only recognize languages within this class.®+®

This yields two results:

e In comparison to previous research these findings tighten the known bound of complexity for
Transformers, as FOC[+;MOD)] is contained within the TC? circuit complexity class, previously
suggested by Bhattamishra et al. (2020).

e Without the properties of recurrence and ‘memory’, they cannot solve sequential problems such
as graph connectivity (NL class) (Fig 1) or linear equalities (P class) (Fig 2), which reiterates
the limitations raised by the empirical evidence (Zhang et al., 2023, Bhagavatula et al., 2024).

IThe aim of this essay is not to examine the technical proofs of the analysed works, as it would go beyond the scope
of this work, but to apply their findings to future AI developments.

2A fixed-precision encoders are such that they ‘round’ their computations due to limitations in precision(Merrill et
Sabharwal, 2022).

3More complexity classes can be found at Complexity Zoo (Aaronson, 2024).

4A system recognises a set of languages when it is able to identify whether a certain string belongs to a formal
language. In reality, papers use Transduction Tasks (Delétang et al., 2022)

5For arbitrary-precision transformers, FOC[+;MOD] is their lower bound.
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Figure 1: Descriptive Complexity Classes (Immerman 1999)

The lack of memory has been partially answered by introducing the Chain of Thought (CoT)
technique (Wei et al., 2022). The intuition behind the Chain of Thought is that it allows introduc-
ing recurrence, and therefore partially sequential problem solving, to the Transformer architecture
(Wei et al. 2022). By introducing a dedicated layer norm hash, the model can precisely retrieve
information from previous states (exzact matching). In the context of a Turing Machine with a se-
quence of states on its ‘tape’, imagine the CoT Transformer accepting a state vector at (t) only
if it exactly matches the value from the previous ‘tape-cell’ (t-1). Such sequential mechanisms
can improve the ‘reasoning’ (or computing) capabilities of the models (Wei et al., 2022). The sec-
ond paper ‘The Expressive Power of Transformers with Chain of Thought’ by Merrill et Sabharwal
(2024) expands the previous findings of Chiang et al. (2023), by analysing a CoT Transformer-
decoder through a circuit complexity approach - they relate transformers to a given circuit com-
plexity class, similarly to Furst et al. (1984). They argue this technique extends the computa-
tional power of the Transformer models. The paper introduces two CoT methods with: logarith-
mic and linear number of decoding steps, and then compares the results with a classical model.

As suggested by Chiang et al. (2023) a standard Transformer model without recurrence CoT(1),
can solve only some problems within the TC? class. However, introducing the intermediate steps of
CoT substantially extends the formal complexity of transformers to:

e For Logarithmic Steps CoT(log n), the upper bound is expanded to L class. This expands the
upper bound of transformers only to a limited extent.

e For Linear Steps CoT(n), transformer decoders can recognise languages within NL class, meaning
they are able to solve some graph connectivity problems (Fig 3) (Merrill et Sabharwal, 2024).

This results with:
1. Intuitively, CoT enhances ability to solve sequential problems, however to an extent,

2. for example, if O(n) = O(n¢) for some constant ¢, i.e. we introduce polynomial-steps for CoT®,
the upper bound of Transformers would further increase to P, which would substantially increase
their capabilities, for example solving linear problems ‘Find z s.t. Az = B’,

3. Such advanced transformers can finally be linked with Chomsky Hierarchies (Merrill et Sabhar-
wal, 2024), where CoT(n) models are able to recognise all regular languages (Reg), and are upper
bounded within the context-sensitive languages (CSL) (Kuroda, 1964).

6This is unlikely due to feasibility constraints of running polynomial-time intermediate steps.


https://link.springer.com/book/10.1007/978-1-4612-0539-5

CoT(n) m(nZ) CoT(n) CSL

CoT (I L
(log ) CFL

CoT(1) TCO
Reg

(no int. decoding)

Figure 2: Complexity and Expressivity classes of various Transformers with and without CoT (Merrill
et Sabharwal, 2024), where the right panel classifies them within the Chomsky Language Hierarchy.

4 What’s the fuzz?

4.1 Attention is not all you need

Transformers were first introduced to enable faster training due to parallelisation (Vasvani et al. 2017),
which enabled the current Al boom’, as these architectures were easy to train and scale. Chiang et
al. (2023) and Merrill et Sabharwal (2024) demonstrate their realistic limitations and suggest there
exists a tradeoff between parallelisation and complexity capabilities of a model. We can train models
faster and with less resources, but their computing-abilities will suffer. CoT is a technique to mitigate
such limitations, hence it is being introduced in newest iterations of LLMs (Fig 3), but at a practical
cost.

Among a group of 5 people, is it possible for everyone to be friends
with exactly 2 of the people in the group? What about 3 of the people
in the group? State your reasoning and provide a short answer.

(&) Let’s analyze both scenarios with reasoning:

Case 1: Everyone has exactly 2 friends

If each person is friends with exactly 2 others, we can model this as a cycle. Arrange the 5 people in a
circle so each person is friends with the two people adjacent to them. For example, if the people are
A, B,C, D, and E, the friendships could be:

¢« A<» BandA > E
« B> C
s C» D
e D& B

This arrangement forms a 5-cycle, where each person has exactly 2 friends.

Answer: Yes, it is possible. 3

Figure 3: Newest ChatGPT iteration employs CoT and hence provides answers to graph connectivity
questions.

4.2 ‘50% chance of AGI by 2029’ (Shane Legg, 2023) and scalability ‘laws’

Despite optimistic outlooks these results suggest existing state-of-the-art ‘Al’ architectures are not
universal: solving computing problems, achieving high NLP scores and being easy to train and deploy,
cannot be achieved by one. Therefore, expectations for future ‘AI’ may need to be revised. Unless a
new architecture is introduced, the marginal gains from increased number of parameters or CoT steps
may not be enough to fulfil our broad futuristic expectations for LLMs. Furthermore, these findings
undermine the vision of achieving an AGI, and pose a broader question: ‘What do we expect from,
and can achieve, with ‘ATl architectures’? Should we strive for universal programs that will be able to



operate as ’all-rounders’, or should we design programs specialising in one field - just as writers and
mathematicians specialise in their dedicated subjects. These questions, particularly the feasibility of
achieving an AGI, will be raised in further course essays.
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